THE SHARP WEIGHTED BOUND FOR MULTILINEAR 
MAXIMAL FUNCTIONS AND CALDERON-ZYGMUND 

OPERATORS 



KANGWEI LI, KABE MOEN, AND WENCHANG SUN 

Abstract. We investigate the weighted bounds for multilinear maxi- 
mal functions and Calderon-Zygmund operators from L pi (wi) x ■ ■ ■ x 

L Pm (w m ) to L p (vtf), where 1 < pi, • • ■ ,p m < oo with 1/piH hl/pm 

1 j i and w is a multiple Ap weight. We prove the sharp bound for the 
multilinear maximal function for all such pi , . . . , p m and prove the sharp 
bound for m-linear Calderon-Zymund operators when p > 1. 



1. Introduction and Main Results 

A weight is a non-negative locally integrable function. Given p, 1 < p < 
oo, an A p weight is one that satisfies the following 

1wK=s s p (m/« w )(m/« w1 "T 1<o °- 

It is well known that the Hardy-Littlewood maximal operator and Calderon- 
Zygmund operators are bounded on L p (w) when w G A p . The sharp depen- 
dence for the Hardy-Littlewood maximal function is given by 

eL 

(I- 1 ) \\M\\lp(w)^Lp(w) < Cn,pNi p - 

Inequality ([Lip was first proven by Buckley [1] . (We refer the reader to [11] 
for a beautiful proof of this inequality and a summary of the history.) Later 
is was proven by Hytonen [8] that if T is a Calderon-Zygmund operator then 

max(l, — ) 

(I- 2 ) \\T\\Lp(w)^Lp(w) < Cn,p,T[ w \A p " ' 

Again, we refer the reader to [9j [12] for the background material and further 
references. In this article we prove the the multilinear analogs of inequalities 
(jl.ip and (jl.2p . We begin with a few definitions. 

First, let us define multiple Ap weights. In |13| . Lerner, Ombrosi, Perez, 
Torres and Trujillo-Gonzalez introduced the theory of multiple Ap weights. 
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Definition 1.1. Let P = (pi, ■ ■ ■ ,p m ) with 1 < pi, ■ ■ ■ ,p m < oo and l/p± + 
h 1/pm = Given w = (wi, ■ ■ ■ ,w m ), set 



m 

p/Pi 



VyS = JJ W, 

i=l 

We say that w satisfies the multilinear Ap condition if 

where [w\Ap is called the Ap constant ofw. When pi = 1, (-^ Jq w ] Pl ) 1 ^ p ' i 
is understood as (infgWj) -1 . 

It is easy to see that in the linear case (that is, if m = 1) [w]a p = [w]a p is 
the usual A p constant. In [13], it was shown that for 1 < pi, • • • ,p m < oo, 
-, i— p' 

w G Ap if and only if w i % G ^4 mp '. and v$ G A mp . 

Given / = (/i, • • • ,/ m ), we define the multilinear maximal function by 



In [13], the authors proved that w G Ap if and only if 

fiWm (vii)- 



in 

n^(/)ik^)<cn 



i=l 

Recall that is sharp in the sense that the exponent of [w]a p cannot be 
improved. The analogous question for the m-sublinear operator A4 has 
remained open. In [5], by mixed Ap-Aoo estimates, Damian, Lerner and 
Perez proved the following result. 

Theorem A. [5j Theorem 1.2] Let 1 < pi < oo, i = 1, • • • ,m and 1/p = 
+ • • • + 1/Pm- Denote by a = a(pi, • • • ,p m ) the best possible power in 

m 

(i.3) \\M{f)\\ LP{va) <c m ^M^nii^n^K)- 

TTien we have the following results: 

(1) for alll< Pl ,--- , Pm<(X) ,^- 1 <a<l(l + YZi P ^i)- 

(2) i/pi = pi = ■ ■ ■ = p m = r > 1, then a = 

Interestingly, the mixed estimates involving A^ do not seem to yield the 
sharp dependence on the constant In this paper, we find the sharp 

exponent for the full range, see Figure |l] for a visualization of the bilinear 
case. 
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Figure 1. The sharp exponents on f° r the bilinear 

maximal function. 

Theorem 1.2. Suppose 1 < pi, . . . ,p m < oo, 1/p = 1/pi + • • • + l/p m , and 
w £ A p. Then 



Moreover the exponent is the best possible. 

Next we turn to study weighted bounds of multilinear Calderon-Zygmund 
operators. The theory of multilinear Calderon-Zygmund operators origi- 
nated in the works of Coifman and Meyer [3j 0]. Later the theory was 
developed by Christ and Journe [2] , Kenig and Stein [TO] , and Grafakos and 
Torres [7J. The last work provides a comprehensive approach to general 
multilinear Calderon-Zygmund operators which we follow in this paper. 

Definition 1.3. Let T be a multilinear operator initially defined on the in- 
fold product of Schwartz spaces and taking values into the space of tempered 
distributions, 



we say that T is an m-linear Calderon-Zygmund operator if, for some 1 < 
qi < oo, it extends to a bounded multilinear operator from L qi x • • • x L q,n to 

L q , where 1/qi H h l/q m = l/q> and if there exists a function K , defined 

off the diagonal x = yi = ■ ■ ■ = y m in (M n ) m+1 ; satisfying 



(1.4) \\M(f)\\ LPM <C m ^ p [w] 




i=i 



T : y(K n ) x • • • x y(K n ) y'(R n ). 




(R») 



K{x, y 1: ■ ■ ■ , y m )h{yi) ■ ■ ■ fm(y m )dyi ■ ■ ■ dy. 



'rn 



for all x £ HjliSuPP fi! 



\K(y ,yi,--- 



Vm)\ < 



A 



(Em=o \vh - m\) 



mn 
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and 



\K{y Q , • • • ,yi,--- ,Vm)- K(y , ••■,?/■,■■• ,Vm) I < 



0=oly fc -y/l) m " +£ 



/or some A, e > and all < i < m, whenever \yi — y[\ < \ maxQ<fe< TO |yj — 

It was shown in [7] that if 1/n + • • • + l/r m = 1/r, then an m-linear 
C alder on- Zygmund operator T is bounded from L ri x • • • x Z/ m to L r when 
1 < 7~j < oo for all z = 1, ■ ■ ■ , m; and T is bounded from L Tl x • • • x L rm to 
L r, °° when at least one rj = 1. In particular, T is bounded from L 1 x • • • x L 1 
to L 1 /™' 00 . 

It was shown in [13] that the m-linear C alder on- Zygmund operator is 
bounded from L Pl {wi) x • • • x L Pm (w m ) to L p {v^). In [5], the authors proved 
a multilinear version of the A2 conjecture. Specifically, for p\ = ■ ■ ■ = p m = 
m+1, it was shown that 



\\T(f)\\LP(v^ <MA P fl\\fi\\ L n 



{Wi)l 



where the estimate for the power of is the best possible. 

Due to the lack of an appropriate extrapolation theorem for multilinear 
operators with multiple weights, let alone a version with good constants, the 
sharp estimate is unknown for any other choices of pi. In this paper, we give 
a sharp estimate for the case of p > 1. Specifically, we prove the following, 
again we refer the reader to Figure 2 for a visualization of the bilinear case. 

Theorem 1.4. Let T be a multilnear C alder on- Zygmund operator, P = 

(Pi, ■ ■ ■ ,Pm) with 1 < jpi, • • • ,p m < 00 and 1/pi -j h l/p m = VP < 1 - 

Suppose that w = (w\, • • • , w m ) with w € A p. Then 

maxfl £1 \ 

(1.5) ||T(/)|| iPfe) < C )mj p )T [^]^ * p " J] ll/.H^K)- 

8=1 

Moreover, the exponent on [w]Ap is the best possible. 

In order to prove Theorem ll.4l we will approximate multilinear Calderon- 
Zygmund operators by positive dyadic operators. The result of Damian, 
Lerner and Perez [5] states the following (see Section [2] for pertinent defini- 
tion). 

Theorem 1.5. O Theorem 1.4] Let T be a multilinear C alder on- Zygmund 
operator and let X be a Banach function space overW 1 equipped with Lebesgue 
measure. Then, for any appropriate f , 

(1-6) \\T{f)\\x < CT,m,nSUp\\A 3;S (\f\)\\x. 
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1/pi 



Figure 2. The sharp exponents on f° r bilinear 

C alder on- Zygmund operators when p > 1 

When p > 1, X = L p (v) is a Banach function space. However, for < p < 
1 it is not. Since the m-linear operators map into L p for p > 1/m we are are 
unable to obtain the full range. It is an interesting question as to whether 
the same decomposition can be obtained for non Banach function spaces 
such as L p for < p < 1 or L 1,oc . Moreover, we believe that inequality (11, 5p 
should hold for all 1 < pi, . . . ,p m < oo. 

We will actually prove the estimate in Theorem 11.41 for the sparse oper- 
ators A@ t s- For these operators, the main techniques are an extension of 
those found in [15], in which the second author proved the sharp weighted 
bound for linear C alder on- Zygmund operators without extrapolation. 

The rest of this article is devoted to the following. In Section [2] we state 
some brief preliminary material. In Section [3] we will prove the main esti- 
mates in Theorems 11.21 and 11.41 and in Section d] we will provide examples 
to show that our estimates are sharp. 



Denote the standard grid by Si. 

By a general dyadic grid we mean a collection of cubes with the follow- 
ing properties: (i) for any Q G & its sidelength Iq is of the form 2 fc , k € Z; 
(ii) Q n R e {Q, R, 0} for any Q,R £ @; (iii) the cubes of a fixed sidelength 
2 k form a partition of W 1 . 

Now we define the dyadic maximal function with respect to arbitrary 
weight 



2. Preliminaries 



Recall that the standard dyadic grid in R n consists of the cubes 



2- fc ([o,if kez,jez n . 
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It is well-known that 
(2.1) ||Mj7|| iPH 

we refer the readers to |15j for a proof. 

We will also need the notion of a sparse family of cubes. Given a dyadic 
grid Si we say that a family S is sparse if there are disjoint majorizing 
subsets, that is, for each Q £ S there exists Eq C Q such that {EQ}Q e $ is 
pairwise disjoint and \Eq\ > \\Q\. Sparse families have long played a role 
in Calderon-Zygmund theory, our definition can be found in [9]. A simply 
way to construct a sparse family is to consider the level sets of the dyadic 
maximal operator f. 

In [5], the authors studied the following type operators, 




where / := (fx, • • • , f m ), 3 is a dyadic grid and S is a sparse family in *3> '. 

3. Proof of Theorems 11.21 and 11.41 
First, we give a proof for Theorem 11.21 

Proof of Theorem 1 1.^ In [5] , the authors proved that there exists 2 n family 
of dyadic grids f^g such that 

2™ 

M(f)(x)<6 mn Y,M^(f)(x), 
p=i 

where 




Without loss of generality, it suffices to prove that 

(Si) m 

\\M§ tfWvM < C mtn>p [w]™ i( p II H/*ll**(„)- 

1=1 

for standard dyadic grid and M-f(f) = M.®(fio~i, ■ ■ ■ , f m cr m ). Moreover, 
it was shown in Lemma 2.2] that there exists a sparse subset 5cf such 
that 




Without loss of generality, assume that p± = minjpi, • • • ,p m }- We have 
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/ /«' / m ,. \ p 



|Q|mp(pi-l) 

■^(Q) pi - 1 n^i^(Q) ppi/p ' 

By Holder's inequality, we have 

(3-1) \E Q \ = [ vpa^-a^ 

JEq 

< v^Eq^g^Eq)^ ■ ■ ■ a m {E Q )^ki . 

Therefore, 

|£ Qr M-D < Va (E Q )^- 1 a 1 (E Q ) PjE k A • • • a m (E Q ) Pj ^T. 
It is easy to verify that 

pjp'i ~ 1) P PPi >f) 

Pi Pi Pi 

Since £q C Q, we have 
and 

p(p'i-i)_p_ pp'i _ 

GiiEqi) p 'i Pi < aiiQ) 1 ^ , i = l,---,m. 

It follows that 



< 



(\ pM 



< 
i=i 



niK(^)iiiM^) 



~ n ii ^11^(0-0 ■ 
i=i 
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Hence 



\\M*(f)\\ LPM < C^w^^YlUUn^y 

i=l 

This completes the proof. □ 

We now turn our attention to the proof of Theorem 11.41 First, we note 
the following symmetry of Ap weights. 

Lemma 3.1. Suppose that w = (w±, • • • , w m ) £ Ap and that 1 < p, p\, ■ ■ ■ , 

p m < oo with 1/pi H h l/p m = 1/p- Then w 1 := (w\, ■■■ , Wi-i, v l 7 p , 

Wi+i, ■■■ , w m ) e A ^ with P l = (pi, • • • tPi-ijj/jPi+i, ■ ■ ■ ,p m ) and 

W'Upi = [wTa p p - 

Proof. We will prove the conclusion for i = 1; the other cases are similar. 
Notice that 

1/p' + l/p 2 + ■■■ + l/p m = 1/pi 

and 



By the definition of multiple Ap constant, we have 



, A P'i/Pi 

III 7^7 / W- 



m 

' ' ' -P\ 



i=2 

Pl/P 



□ 



By Theorem 11.51 we reduce our problem to consider the behavior of the 
operator A@g. For these operators we have the following Theorem, which 
holds for all 1 < pi, . . . ,p m < oo. 

Theorem 3.2. Suppose that 1 < Pi, - ■ ■ ,p m < oo with l/p\ + • • • + l/p m = 
1 jp and w £ Ap . Then 



max(T — Pm ) . ". 

\A^s(f)hp(v a ) < [w\ Ap ' p p n n/iii^K)- 

1=1 



Proof. We first consider the case when -jj < p < 1. In this case 

which can be handled in exactly the same manner as the estimates in proof 
of Theorem O 
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Now consider the case p > maxj^. It is sufficient to prove that 

m 



i=l 



1— 

where Oi = w i ' , i = 1, ■ ■ ■ ,m. By duality, it suffices to estimate the 
(m + l)-linear form 



/ A S)S (\fi\ai, ■ ■ ■ , \f m \(T m )gv a = V / gvrf • ft — - / \ft 
Jr* J q i=1 \Q\J Q 



(3; 



QeS ■ 

for g > belonging to L v ' (v$). We have 



v ^(Q)n^i^(Q) p/p ' IQI m(p - 1} 

|g|mp ^(Q)n™i^(Q) p/ ^ 

n / \fiWi 



gvrf 

i=i 



Q 

m 



|g|m(p-l) 



^ s Vis{Q)l[ i=l (Ti{Q) PIP * Jq fJ[JQ 



2 m(p-l)|£ |m(p-l) 



m ,. 

" '<7i. 



q eS "w\^j iij=i j = i" ^ 

By j3U, 

i A- — 

I-BqI <^(^Q) m ^l(^Q) mPl ' ' ' a m(EQ) mp ' m ■ 

1— P 

Since p > maxjjj^} and Eq C Q, we have <Ji(Q) Vi < ct^Eq) p » for any 
j = 1, • • • , m. Therefore, 



< 2'»<"- 1 >[«i]^ (! ^i, t! ,(£g)^n<'i(' E e)'^<'i( < 3) 1 ^ 

j,k i=l 

77^7 / gVtf ■ ft — TTyT / l/*k< 

m 



< 



L 1 



QeS ,=i 



0^ 



1/pl 
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m 1 f 

g(^/ ^)'" i(Eo) 

■n(E(^/ g i/.K)"^) 

m 

< 2^- 1 )H Ai5 ||M^( 5 )||^ ( ^ ) ni|M^(/ i )||^ (CTi 



1=1 



< 2^- i )^^ii 5 ii LP , fe) nii/,ii^( CTl)) 

«=i 



where (|2.ip is used in the last step. For the other cases we use duality. 
Notice that the operator Ag^ is self adjoint as a multilinear operator, in 
the sense that for any i, i = 1, . . . , m, we have 

Ag,s(h, ■ ■ • , fm)g = / A@ :S (fi, . . . , fi-l,g, fi+l, . . . fm)fi- 

Without loss of generality suppose p' x > max(p,p' 2 , . . . ,p' m )- Hence, by du- 
ality and self adjiontness we have 

ll^,«s||z^ 1 (^ 1 )x-x J L^(^)->^(^) = II^^II^^W^..^^^)^^^--^ 

?x 

<[^]pi = HAV 

□ 

4. Examples 

Finally, we end with some examples to show that our bounds are sharp. 
First we show that Theorem [L2] is sharp. Consider the case m = 2 (we leave 
it to the reader to modify the example for m > 2) and suppose that we had 
a better exponent than the one in inequality 11.41 that is, suppose 

r max — , — ) 



V V 

'p 



G 4 - 1 ) \\M\\LPi( Wl ) xL P2( W2 )^LP(va) ~ i^Ap 

for some r < 1. Further suppose that p[ > p' 2 - For < e < 1, let 

g — n 

= \x\ e ~ n XB(o,i)(. x )> h( x ) = \ x \ m Xb(o,i)(x), w x {x) = 
and w 2 (x) = 1- Calculations show that 

\\h\\Ln( Wl ) ^ ^ l/p W\f2\\ L v2{ W2 ) ~e _1/p2 ,^(x) = \x\ {n e)v i 

and 
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For x £ B(0, 1) we have 

If _ If s-» 

M(fi,f 2 )(x) > -— / \yi\ £ n d yi --— / |y 2 | P2 dy 2 
Fr /b(o,M) Fl n /b(o,M) 

> /i(x)/ 2 (x) > A(x)/ 2 (x) 

Hence, 

1/ f , |(£ -n)(p+^-^) , \1/P 

1 / Z" 1 . 1 . \Vp 



ll-M(/i,/ 2 )ll„K,)>-(/ \4 £ - nKP+ ^ d X ) 

£ V •/ B(0,1) 7 



x e 1 dx 



, n, 



Combining this with inequality (|4.ip we see for some r < 1, 

l\l+i /l\r+- 

i) '<© 

which is impossible as e — > 0. 

Next we show that Theorem 11.41 is sharp. Recall that for i = 1,- 
the m-linear ith Riesz transform is defined by 

f YT- ( x i ~ (v)i) 

Ri(f)( x ) = P- v - / /sr , m ^i" 1 ' , 2 \(im+l)/2 ^ V ^ ' ' ' frn{Vm)dyi ■ ■ ■ dy m , 

J(M".)rn (Lj = l F - 2/jl ) t "' m+ J/ 

where denotes the ith coordinate of yj. 
Suppose that m = 2, > p' 2 and p[ > p. Let 

U = {x £ R n : \x\ < 1,0 < Xi < xi,i = 2,--- ,n}, 
V = {x G R n : \x\ < l,Xi < 0,i = 1, • • • ,n}. 

For < e < 1, let /i(x) = |^| £-n Xv/( x )> /2(^) = M P2 Xt/O^)) ^i(^) = 
|x|( n_£ )(P 1_1 ) and u^x) = 1. For x £ J7 and ?/j G V with < |x|, we have 

Ej=i(^i ~ (VjW 2 ^ > 



Therefore, 



It follows that 



(E?=il*-i/il a ) 1/a " 4 M 
£ 2 =i(zi - (vj)i) . 1 



(E-=ik-%f) (2n+1)/2 



Ri(f)(x) = P-v. [ fi ^ 1 iv 2 h(yi)My2)dyidy 2 



p (Etil^-yil 2 ) (2n+1)/2 ' 



1 



> 



2' 
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> \h{x)f 2 {x). 



Hence 



\ Vp 



x ,e-n 




dxj 

a;| £_n eZ:r (by symmetry) 



Then by similar arguments as the above we can show that the exponent is 
sharp when max^,^) > P > 1- When p > max^'pp'j). Again, suppose 
that p\ > p' 2 . We consider the adjoint in the first variable, (Ri) 1 '*. Notice 
that 

(Rl) 1 '*(fl,f2)(x)= [ j 2(^)1 - Xl - f {yi )f { y 2 ) d y ld y 2 . 

J(R«)2 {\x -yi\ z + \yi - y 2 \ 2 )^ n+i ->' 2 

Let 

Ui = {x £ W 1 : \x\ < l,x 1 < Xi < 0,i = 2, ••• ,n}, 
Vi = {x € K n : |x| < l,Xi > 0,i = !,■■■ ,n}. 



e — n 



For < e < 1, let /i(x) = |x| e n x Vl (^), /bOc) = M V2 Xv( x )i w i( x ) = 

\ x \{e-n) Pl /p and w ^ = L Then y ^ = \ x \e-n^ v ^~p' = | x |(n- £ )(p'-l) and 

Pl = |x|( n_e ) p 'i/ p . Similar arguments as the above show that 
H^IU w lxfP2f W£ *, -pl, £ \ = i^tl = Map- 

LP (Vrf ' )xL p 2(w2)—>-L y i(w 1 ) £ P 1 ^ 

Therefore, 

\\Ri\\l^ {wi) ,l P 2 {W2) ^ m = IK^) 1 '*!!^^),^^^^^) £ M^p- 

This shows the sharpness of the exponent when p > maxj-fj^}. This com- 
pletes the proof. 
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